Based on Lippmann-Schwinger equation approach, we discuss a three-particle system in finite volume. A set of equations which relate the discrete finite-volume energies to the scattering amplitudes are derived under the approximation of the isobar model relevant for the case of narrow two-and three-body resonances.
I. INTRODUCTION
Recent developments in the application of variational methods [1] [2] [3] to large bases of hadron interpolating fields have made the extraction of the excited spectrum of hadronic states a realistic possibility (see e.g. [4] [5] [6] ). Moreover, these new developments in lattice QCD provide a solid foundation for studying multi-hadron scattering in lattice QCD [6] [7] [8] [9] [10] [11] [12] . Because lattice QCD is formulated in Euclidean space, we do not have direct access to scattering amplitudes [13] . Fortunately, in a finite volume, Lüscher formula [14] presents a way to relate the discrete energy spectrum in lattice QCD to scattering amplitudes. Since then, the framework derived by Lüscher in [14] has been extended to moving frames [15] [16] [17] [18] [19] , and the inelastic region by including coupled-channel effects [20] [21] [22] [23] [24] [25] .
Based on the approach developed in [25] for the scattering of two-particle system in finite volume, in this work, we discuss the three-particle system, considering the finite-volume representation of the isobar model [26, 27] in which interactions in the three-particle system are approximated by two-body scattering. We derive expressions which relate finite-volume energy shifts to isobar-model production amplitudes.
The paper is organized as follows. In Section II we discuss the three-particle system in finite volume. The summary and outlook are given in Section III.
II. THREE-PARTICLE SCATTERING ON A TORUS WITHIN AN ISOBAR APPROXIMATION
In QCD, because of the low mass of pions, threeparticle states become important even at relatively low energies. Methods for extracting three-particle amplitudes from lattice simulations are thus needed. In general, the scattering of a multiple-particle system is quite complicated, however, in some cases the quasi-two body approximation has proven to be quite successful [28, 29] . * Electronic address: pguo@jlab.org A recent consideration of the three-particle system on a torus in the framework of Faddeev equations is presented in [30] .
In this work, we are interested in establishing the presence of three-particle and two-particle resonances in a three-particle final-state system. In lattice QCD, the multi-hadron interpolating fields operators O are related to the total energies of multi-hadron system through the correlation function C(t) = 0|O(t)O † (0)|0 by relation
Therefore, instead of building the relations between three-to-three particles scattering amplitudes and E n in finite volume in [31] , we intend to reconstruct a threebody resonance by its decay products, see figure 1. When two-body resonances occur, the decay or production of a three-particle final state system can be approximately described in terms of isobars recoiling from a bachelor particle [26, 27, 32, 33] . As an example, the decay process of the strange axial meson resonance K 1 (1400) to the Kππ final state can be quite well approximated by K * (892) π in S-wave, with the K * isobar decaying to Kπ in a P -wave.
As presented in Appendix A, we consider the intermediate resonance to be effectively an asymptotic state and parameterize its decay via a two-body isobar resonance recoiling from a spectator particle.
In this section, we will generalize the methods developed in [25] to apply to the non-relativistic three-particle system in the isobar approximation. For simplicity we consider three scalar particles with equal masses, m. As discussed in previous paragraph, we consider the production of a three-particle final state from the decay of a sharp resonance, |R , which we will treat as an asymptotic state whose origin is in the short-distancedynamics, rather than the final-state interactions. We proceed assuming that the dynamics of transition from a resonance state in the far past to a three-particle state in the far future is described by a three-particle finalstate interaction Hamiltonian
Under the assumption of strong pair-wise final state interactions between two particles, strong enough to generate a twobody isobar resonance, the final state interaction Hamil-FIG. 1: A schematic view of the isobar approximation to three-particle scattering. (a) The general 3 → 3 amplitude is assumed to be dominated by two-particle 'isobar' resonances and to pass through a sharp three-particle resonance, R. (b) We assume the relevant singularities of the scattering amplitude are captured by considering the decay of the sharp intermediate resonance.
tonian of the three-particle system takes the form
where (p k , x k ) are the momentum and coordinate of the k th particle. The amplitude to produce the three-particle final state |p 1 p 2 p 3 is defined by
where the incoming wave state at t = 0 is given by
. The wavefunction of three final state particles in coordinate space is given by
Under the isobar model approximation, where V FSI includes only pair-wise interactions and where rearrangement among different isobar pairs is ignored, the threeparticle production amplitude is approximated by
where t (ij) is the two-body T -matrix operator for pair (ij), the relative momenta (q ij , k k ) are given by
In the center-of-mass frame, the wavefunction of the three-particle system has the following form [29] 
where r ij = x i − x j is the relative position between the two particles forming the (ij) isobar and r k = 1 2 (x i + x j ) − x k is the relative position of the spectator particle and the isobar. The solution of the Schrödinger equation
with G 0 being the non-relativistic three-body Green's function,
Using the identity
We may represent the three-body Green's function by a product of two independent two-body Green's functions
where
is the free Green's function for propagation of the system, of total energy E, made of the isobar pair (ij) (with invariant mass E ij ) plus the spectator particle, and where
is the free Green's function describing the propagation of particles, (i, j), inside the isobar.
The Green's functions are explicitly given by
with
In Eq. (7),
dE ij , because the three-body Green's function has oscillatory behavior for E ij only inside the physical region. The three-particle wavefunction is given by
where the three-body production amplitudes are defined by
The total angular momentum of the three-particle system is J, made up of (S ij , M Sij ), the spin and its z-axis projection of the isobar pair (ij), and (L k , M L k ), the relative orbital angular momentum and projection between k th particle and isobar pair (ij).
The partial wave production amplitude can be parametrized by
is the partial wave scattering amplitude of two spinless particles inside the isobar pair (ij) and f Sij L k J (k Eij ) is the partial wave production amplitude of the isobar pair (ij) and the spectator particle.
The final expression for the three-particle production wavefunction, including the homogeneous term, reads
Boosting the three-particle system from the center-of-mass frame to a lab frame with the center-of-mass of isobar pair (ij) fixed at the origin, x i + x j = 0, the wavefunction of the three-particle system at the lab frame can be written as the product of a plane-wave, e iP·(x1+x2+x3)/3 , and a piece depending only on relative coordinates, r ij = x i − x j and r k = −x k . As in the case of two-particle scattering [15] , requiring periodicity of the lab frame wavefunction with respect to r ij and r k , we find that the boundary condition of CM frame wavefunction reads
where k = 1, 2, 3 and Q is the Bloch wave vector for the three-particle system. The connection of the Bloch wave vector Q to the total momentum of the three-particle system is given by P = 3γQ. Using the periodicity of the potentialṼ ij (r ij + n ij L) =Ṽ ij (r ij ), the three-particle Lippmann-Schwinger equation on a torus can be written
where the periodic three-body Green's function is given by
L n + Q, for n ∈ Z 3 }. Next, we use the expansion of the Green's function in Eq.(B2) in [25] and the definition of the scattering amplitude in Eq. (8) and (9), to obtain
Matching a general wavefunction of form
, and projecting out the partial waves, neglecting rearrangement effects from crossed channels as appropriate in an isobar approximation, we get a set of equations which have general form
Since the variables (r ij , r k ) can be chosen arbitrarily, F (E ij , r ij , r k ) = 0 must be satisfied for each E ij . From this we obtain three determinant conditions, the first is
which is Luscher's formula for scattering between i th and j th particles inside the isobar pair (ij). It provides the constraint on the phase shifts δ Sij as a function of invariant mass of the isobar pair (ij), E ij . The second condition,
is a generalized Luscher's formula in moving frames for production of the spectator, k th particle, and the isobar (ij) with the specific spin S ij and mass E ij from initial state with spin J. Thus, Eq. (11) gives the constraint on the production amplitudes f Sij L k J as function of the total energy, E, for each individual partial wave of isobar pair (ij), S ij .
The final condition,
leads to an additional constraint on both δ Sij and f Sij L k J for the scattering between the k th particle and all the allowed partial waves of the isobar (ij).
In the case that only a single partial wave S ij of the isobar pair is dominant, Eq. (12) becomes redundant and the three conditions reduce to two,
and Eq. (11) . Because of a finite-volume with cubic boundaries, the continuous rotation symmetry is reduced to the little group of allowed cubic rotations that leave the centre-of-mass momentum invariant, so that, Eq. (10), (11) and (12) have to be subduced according to irreducible representations of the appropriate little groups [34] .
From Eq. (10), (11) and (12), we find that even in relatively simple cases, e.g. a single isobar dominating a single relevant partial wave, extracting the phase-shifts and determining the invariant mass E ij from the measured total three-particle energy E is a rather difficult task. For additional information, we can first perform computations of two-particle correlators with the quantum numbers of the isobar channel to obtain information on E ij . However, in the three-body calculation, there may be multiple E ij for each individual E allowed by kinematics (2m < E ij < E − m), thus, finding the correspondence between E ij and E may requires some assumptions and model input.
In recent works [4, 5] , determining the spin of the excited states by considering the overlap of carefully constructed operators with the particular state, n|O|0 , has been proven to be successful in certain cases. We may use a similar idea to identify the E ij and E relation in a three-particle system, by considering the overlap of operators with the state having the particular quantum numbers (S ij , L k , J) and invariant mass of the isobar pair E ij . For instance, working in center-of-mass frame, the three-particle operator may be constructed in such way that an isobar pair (ij) has definite relative momentum,
, and definite total momentum,
. This operator will strongly overlap with the state having invariant mass of the isobar pair (ij),
, and the total energy of the three-particle system
2 with small shifts caused by the interaction. Additionally, in the case of isobar dominance, fermion bilinear operators subduced from spin S ij are likely to have good overlap.
III. SUMMARY
For the case of three non-relativisitic particles undergoing scattering, we considered in finite-volume the isobar model approximation, where quasi-two-body scattering is assumed to be dominant. Under the isobar model approximation, the three-particle partial wave scattering amplitudes can be factorized as the product of two individual scattering amplitudes, one describes the scattering of two particles inside isobar pair, and another describes the scattering between isobar pair and the spectator particle. Three determinantal conditions, Eq. (10), (11) and (12) , were obtained for three-particle scattering in a finite volume. One condition, Eq. (10), relates the scattering phase shifts of two particles inside an isobar pair to the invariant mass of the isobar pair. The other two conditions, Eqs. (11) and (12), relate the scattering phase-shifts between an isobar pair and the spectator to the total energy of the three-particle system. A proposal for extracting the phase-shifts of a three-particle system from lattice QCD simulations is presented that makes use of carefully constructed two-particle operators within the overall three-particle operator construction.
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Appendix A: Production amplitudes and Faddeev equations
Our task here is to consider the transition from a resonance, treated as though it were an asymptotic state, in the far past, to a system of three particles in the far future. In this case the S-matrix [35] for the transition reads
and the incoming and outgoing wave states at t = 0 are defined by
Standard manipulations lead to the production amplitude
The incoming wave state satisfies equation
So that, the production amplitude is finally given by
where the T -matrix operator is defined by
Within the isobar model we assume dominance of pairwise interactions, and thus the T -matrix for the threeparticle system can be decomposed as T FSI = k T (ij)k , where T (ij)k satisfies Faddeev equations [29] ,
where t (ij) is the two-body T -matrix for pair (ij).
It follows that the three-particle production amplitude can be decomposed as f (p 1 p 2 p 3 ← R) = k f (ij)k (q ij k k ← R), where f (ij)k (q ij k k ← R) satisfies an integral equation [36] 
The first term on the right hand side in Eq. (A7) is the Born-term for production of the isobar pair (ij) plus the k th particle from the resonance state |R . The remaining terms generate the rescattering effect from different isobar pairs -the isobar model approximation is to keep only the Born term in Eq. (A7), so that the production amplitude is approximated by
